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Abstract. A refined notion of curvature for a linear system of Hermitian vector spaces, in the 
sense of Grothendieck, leads to the unitary classification of a large class of analytic Hilbert mod- 
ules. Specifically, we study Hilbert sub-modules, for which the localizations are of finite (but not 
constant) dimension, of an analytic function space with a reproducing kernel. The correspondence 
between analytic Hilbert modules of constant rank and holomorphic Hermitian bundles on domains 
of C" due to Cowen and Douglas, as well as a natural analytic localization technique derived from 
the Hochschild cohomology of topological algebras play a major role in the proofs. A series of 
concrete computations, inspired by representation theory of linear groups, illustrate the abstract 
concepts of the paper. 



1. Preliminaries and main results 

Without aiming at completeness, the rather lengthy introduction below recalls some of the main 
concepts of Cowen-Douglas theory, a localization technique in topological homology and aspects 
of complex Hermitian geometry as they interlace in the unitary classification of analytic Hilbert 
modules. The ideas invoked in the present work have evolved and converged from quite distinct 
sources for at least half a century. 

One of the basic problem in the study of a Hilbert module J{ over the ring of polynomials 
C[z} := C[zi, . . . , Zm] (or equivalently 0(C"^) module) is to find unitary invariants (cf. [TSl [4]) 
for 3i. It is not always possible to find invariants that are complete and yet easy to compute. 
There are very few instances where a set of complete invariants have been identified. Examples 
are Hilbert modules over continuous functions (spectral theory of normal operator), contractive 
modules over the disc algebra (model theory for contractive operator) and Hilbert modules in the 
class B„(0) for a bounded domain J7 C C™ (adjoint of multiplication operators on reproducing 
kernel Hilbert spaces). In this paper, we study Hilbert modules consisting of holomorphic functions 
on some bounded domain possessing a reproducing kernel. Our methods apply, in particular, to 
submodules of Hilbert modules in Bi(i7). 

1.1. The algebraic and analytic framework. The class B„(J7) was introduced in ^ i6j and an alter- 
native approach was outlined in [7]. The definition of this class given below is clearly equivalent 
to the one in [5l Definition 1.2] and [71 Definition 1.1]. 

Definition 1.1. A Hilbert module 3f over the polynomial ring C[z] is said to be in the class 
Bn(0), n G N, if 

(const) dim!K/mw'K = n < cx) for all w G Q; 
(span) n^„e^n^^^ = 0, 
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where denotes the maximal ideal in C[z\ at w. 

Recall that if m^IK has finite codimension then m^'K is a closed subspace of 'K. Throughout 
this paper we call diml}{/m^3f the rank of the analytic module at the point w. For any Hilbert 
module !K in B„(r2), the analytic localization 0(K)o(c™')^ is a locally free module when restricted 
to fl, see for details |21j . Let us denote in short 

JK. := 0(8)o(C"i)3i|Q, 

and let E-x = 5f|Q be the associated holomorphic vector bundle. Fix w £ il.. The minimal 
projective resolution of the maximal ideal at the point w is given by the Koszul complex K^z — 
Wj'K), where Kp{z — w,'K) = !K A^(C™') and the connecting maps dp^w) : Kp — > Kp^i are 
defined, using the standard basis vectors e^, 1 < i < m for C™, by 

p 

5p{w){fei^ A ... A eij = ^{-iy~^{zj - Wj) ■ fa^ A ... A e^,^. A ... A a^. 

i=i 

Here, • / is the module multiplication. In particular 5i (w) : IK © ... © IK —> IK is defined by 
(/ii • • • ) fm) ~ where Mj is the operator Mj : / i-^ • /, for 1 < j < m and 

/ S IK. The 0-th homology group of the complex, Ho{K.{z — Wj'K)) is same as 'K/mw'K. For 
w £ i}, the map 5i{w) induces a map localized at w, 

Ki{z - w,'kw) ^^^^ Kq{z - w,IKtt,). 

Then IKi„ = coker 5i^{w) is a locally free 0^, module and the fiber of the associated holomorphic 
vector bundle E^: is given by 

We identify E"^^ with ker 5i{w)* . Thus -Ej^ is a Hermitian holomorphic vector bundle on := 
{z : z £ Q}. Let Dm* be the commuting m-tuple (Mi*, . . . , Mm*) from IK to IK© ... © IK. Clearly 
5i{w)* = i?{M-u;)* aiid ker 6i{'w)* = ker Z)(]y[_^). = njLiker(Mj — tu^)* for w S ^2. 

Let Gr(IK, n) be the rank n Grassmanian on the Hilbert module IK. The map F : ^ Gr(IK, n) 
defined by ?D i-^ ker Z?(]y[_^). is shown to be holomorphic in [5]. The pull-back of the canonical 
vector bundle on Gr(IK, n) under F is then the holomorphic Hermitian vector bundle E"^ on the 
open set Q* . One of the main theorems of [5] states that isomorphic Hilbert modules correspond to 
equivalent vector bundles and vice- versa. Examples of these are Hardy and the Bergman modules 
over the ball and the poly-disc in C™. 

1.2. Submodules of Hilbert modules possessing a reproducing kernel. Let IK be a Hilbert module in 

Bi(r2) possessing a non-degenerate reproducing kernel K{z,w), that is, K{w,w) ^ ^, w £ We 
will often write for the function K{-,w). Then E^ = On*, that is, the associate holomorphic 
vector bundle is trivial, with as a non- vanishing global section. For modules in Bi(ri), the 
curvature of the vector bundle is a complete invariant. However, in many natural examples of 
submodules of Hilbert modules from the class Bi(r2), the dimension of the joint kernel does not 
remain constant. For instance, in the case of HqCB"^) := {/ £ ff^(B^) : /(O) = 0} (cf. [II]), we 
have 

dim ker L»(M-«,)* = dimFo(D^) ©cf^i.^a] "^u; = 

Here is the one dimensional module over the polynomial ring C[zi, 22], where the module action 
is given by the map (/, A) 1— > f{'w)X for f £ C2 and A £ = C. 

In examples like the one given above, the map w 1— > ker D(j^_^y is not holomorphic on all 
of ]D)2 but only on \ {(0,0)}. However, we recall that the map w 1-^ dim(M/m^M) is upper 



1 if u- 7^ (0,0) 

2 iftf = (0,0). 
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semi-continuous and the jump locus, which is the set 17 \ {w : dim(M/mt„M) = constant}, is an 
analytic set. In this paper, we begin a systematic study of a class of submodules of kernel Hilbert 
modules (over the polynomial ring C[z]) in Bi(J7) characterized by requiring that dim(M/mM,M), 
w £ i}, is finite. 

Definition 1.2. A Hilbert module M over the polynomial ring C[z\ is said to be in the class 



(rk) possess a reproducing kernel K (we don't rule out the possibility: K{w, w) = for w in 

some closed subset X of U) and 
(fin) The dimension of "M/mwJVl is finite for all w £ 

The following Lemma isolates a large class of elements from *Bi(0) which belong to Bi(Oo) for 
some open subset $7o ^ 

Lemma 1.3. Suppose M G 5Si(r2) is the closure of a polynomial ideal J. Then M is in Bi(i7) if 
the ideal J is singly generated while if it is generated by the polynomials pi,p2, ■ ■ ■ ,pt, then M is 
in Bi(0 \ X) for X = n\^^{z : pi{z) = 0} n fi. 

Proof. The proof is a refinement of the argument given in }141 pp. 285]. Let 7^ be any eigenvector 
at w for the adjoint of the module multiplication, that is, M*'^yj = p{w)^w for p £ C[z}. 

First, assume that the module M is generated by the single polynomial, say p. In this case, 
K{z,w) = p{z)x{z,w)p{w) for some positive definite kernel x 011 all of fi. Set Ki{z,w) = 
p{z)x{z,w) and note that Ki{-,w) is a non-zero eigenvector at w £0,. We have 



Since vectors of the form {pq ■ q £ C[z\} are dense in M, it follows that 7^ = {p,^yj)Ki{-,w) and 
the proof is complete in this case. 

Now, assume that pi, . . . ,pt is a set of generators for the ideal J. Then for w ^ X, there exist a 
k £ {1, ■ ■ ■ ,t} such that Pk{w) 7^ 0. We note that for any i, 1 < m, 



*Bi(17) if 



{pq,lw) = (p,M*7^) = {p,qiw)-/vj) 



Q{w){p,-fyj) 

{pq,K{-,w)){p,ju,) 
p{w) 



{pq, {p,iw)Ki{-,w)). 



Pk{w){pi,jw) = {pi,M*^j^) = {piPk,lw) = {pk,M*ju,) =Pi{w){pk,7u,)- 



Therefore we have 



t 



t 




i=l 



i=l 



i=l 



i=l 




Let c{w) 



Hence 



t 




i=l 



i=l 



Since vectors of the form {Y2l=iPiQi ■ H ^ 1 < i < t} are dense in M, it follows that 



7^ = c{w)K{-,w) completing the proof of the second half. □ 
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1.3. The sheaf construction. From the work of [51 E], it is known that invariants for holomorphic 
Hermitian bundles are not easy to compute. We show how to do this for a large family of examples. 
It then becomes clear that to find easily computable invariants, we must look elsewhere. Using 
techniques from commutative algebra and complex analytic geometry, in the framework of Hilbert 
modules, we have obtained some new invariants. 

Let us consider a Hilbert module M in the class *Bi(r2) which is a submodule of some Hilbert 
module 3f in Bi(ri), possessing a nondegenerate reproducing kernel K. Clearly then we have the 
following module map 

0®o{c-)M — > 0®o(c-)^ = On. (1.1) 

Let S'^ denotes the range of the composition map in the above equation. Then the stalk of S"'^ at 
wGQis given by {(/i)^0^ + • • • + ifn)w0^n : /i, ...,/„ G M} 

Motivated by the above construction and the analogy with the correspondence of a vector bundle 
with a locally free sheaf [38], we construct a sheaf S""^ for the Hilbert module M over the polynomial 
ring C[z\, in the class The sheaf S"'^ is the subsheaf of the sheaf of holomorphic functions 

Oft whose stalk at w S is 

{ill) A + ■■■ + ifn)A -.fu-.-Jn^ M}, 

or equivalently, 

n 

%^{U) = { {f^\u)9^ ■.heM,g,e (D{U)] 

i=l 

for U open in 17. 

Following the proof of [U Theorem 2.3.3], which is a consequence of the well known Cartan 
Theorems A and B, it is not hard to see that if M is any module in !Bi(r2) with a finite set of 
generators {/i, . . . , ft}, then for any / S S"'^ we have 

/ = fm + --- + ftgt (L2) 

for some gi, . . . ,gt G 0(17). Consequently, if Mi and M2 are isomorphic modules in 53i(r2) which 
are finitely generated, then S''^^ and S"'^^ are isomorphic as modules. This isomorphism is imple- 
mented by extending the map given on the generators of Mi to the module S"'^^ . It is easily seen 
to be well-defined using (|1.2p . 

It is clear that if the Hilbert module M is in the class Bi(ri), then the sheaf S""^ is locally free. 
Also, if the Hilbert module is taken to be the maximal set of functions vanishing on an analytic 
hyper-surface Z, then the sheaf S'^ coincides with the ideal sheaf 3z{^) and therefore it is coherent 
(cf.[25]). However, much more is true 

Proposition 1.4. For any Hilbert module M in *Bi(r2), the sheaf S'^ is coherent. 

Proof. The sheaf S"*^ is generated by the family {f : f £ M} of global sections of the sheaf 
0(17). Let J be a finite subset of M and Sj'^ C 0(17) be the subsheaf generated by the sections 
f,f£j. It follows (see [261 Corollary 9, page. 130]) that S-j^ is coherent. The family {S-j^ : 
J is a finite subset of M} is increasingly filtered, that is, for any two finite subset I and J of M, 
the union / U J is again a finite subset of M and 5^ U C S-^j. Also, clearly S-^ = |Jj S'j^. 
Using Noether's lemma [25] page. Ill] which says that every increasingly filtered family must be 
stationary, we conclude that the sheaf 5^ is coherent. □ 

For It; G 17, the coherence of S""^ ensures the existence of m, n G N and an open neighborhood U 
of w such that 

(0™)|t/ - (0")|t/ - (S'')|i/ - 
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is an exact sequence. Thus 

{{§^/m^§^y -.wen} 

defines a holomorphic linear space on 0, (cf. [22, 1.8 (p. 54)]). Although, we have not used this 
correspondence in any essential manner, we expect it to be a useful tool in the investigation of 
some of the questions we raise here. 

The coherence of the sheaf S"'^ implies, in particular, that the stalk (S"'^)^, at w G O is generated 
by a finite number of elements gi, . . . ,gd from ©(fi). If K is the reproducing kernel for M and 
t(7o G is a fixed but arbitrary point, then for w in a small neighborhood of wq, we obtain the 
following decomposition theorem. 

Theorem 1.5. Suppose g^, 1 < i < d, be a minimal set of generators for the stalk S^. Then 

(i) there exists a open neighborhood 0,o of wo such that 

K{-,w) := = g\{w)K^^^ + ■■■ + gl{w)Kl^\ w G 

for some choice of anti-holomorphic functions K^^^ , ■ ■ ■ , K^'^^ : f^o M, 

(ii) the vectors Kw\ 1 < i < are linearly independent in M forw in some small neighborhood 
of Wo, 

(iii) the vectors {Kwl \ I < i < d} are uniquely determined by these generators gi, ■ ■ ■ ,g^, 

(iv) the linear span of the set of vectors {K^l \ I < i < d} in M. is independent of the generators 
91, ■■■,9d' (^^d 

(v) MpK^l = p[wo)Kiul for all i, 1 < i < d, where Mp denotes the module multiplication by 
the polynomial p. 

For simplicity, we have stated the decomposition theorem for Hilbert modules consisting of 
holomorphic functions taking values in C. However, all the tools that we use for the proof work 
equally well in the case of vector valued holomorphic functions. Consequently, it is not hard to 
see that the theorem remains valid in this more general set-up. 

1.4. Gleason's property and privilege. It is evident from the above theorem that the dimension of 
the joint kernel of the adjoint of the multiplication operator Dm* at a point wq is greater or equal 
to the number of minimal generators of the stalk at G ri, that is, 

dimM/(m^oM) > dim§^Jm^,§^^. (1.3) 

It would be interesting to produce a Hilbert module M for which the inequality of (II. 3p is strict. 
Leaving aside this question, for the moment, we go on to identify several classes of Hilbert modules 
for which we have equality in (jl.Sp . 

A Hilbert module M over the polynomial ring C[z] is said to be an analytic Hilbert module (cf. 
[4]) if we assume that 

(rk) it consists of holomorphic functions on a bounded domain 0, C and possesses a repro- 
ducing kernel K, 
(dense) the polynomial ring C[z] is dense in it, 

(vp) the set of virtual points {w G C™" : p i— > p{w), p G C[z], extends continuously to M}, is il. 

We apply Lemma 11.31 to analytic Hilbert modules, which are singly generated by the constant 
function 1, to conclude that they must be in Bi(r2). Evidently, in this case, we have equality in 
()1.3p . However, we have equality in many more cases. For example, suppose J is a polynomial 
ideal and [3] is the closure of J in some analytic Hilbert module M. Then for [J], we have equality 
in (jl.3p as well. 
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Let us again consider a Hilbert module M in the class *Bi(i7) which is a submodule of some 
Hilbert module 3i in Bi(J7), possessing a nondegenerate reproducing kernel K. We note that the 
module map 

0(8)o(c™)M — > 

induced from (jl.ip is surjective. This naturally defines a map 

for w &Vt. The map given above can be constructed similarly for any Hilbert module M G !Bi(0). 
The question of equality in (|1.3p is same as the question of whether this map is an isomorphism 
and can be interpreted as a global factorization problem. To be more specific, we say that the 
module M G 53i(r2) possesses Gleason's property at a point wq ^ ^ \i for every element / S M 
vanishing at there are fi, fm S M such that / = YlT^ii^i ~ ^Oi)fi- 

Proposition 1.6. The Hilbert module M has Gleason's property at wq if and only if 

dimM/m^„(,M = dimS^^/m^oS^. 

We note the following corollary. 

Corollary 1.7. For an analytic Hilbert module and its submodules which arises as closure of an 
ideal in the polynomial ring C[z\, Gleason's problem is solvable. 

It is well known that Gleason's probelm is solvable in the space of all analytic functions, that 
is, assuming that the domain Q is pseudo-convex, it follows that for any / e M with f{wo) = 0, 
we have 

m 

i=l 

see for instance Theorem 7.2.9] or ^21j. Thus Gleason's problem asks that the functions /, can 
be chosen from the Hilbert module M. 

This is a special case of a more general division problem for Hilbert modules. To fix ideas, we 
consider the following setting: let M be an analytic Hilbert module with the domain O disjoint of its 
essential spectrum, let A G Mp^q{0(^})) be a matrix of analytic functions defined in a neighborhood 
of 0, where p,q are positive integers, and let / G MP. Given a solution u G 0(17)'? to the linear 
equation Au = /, is it true that u E M''? Numerous "hard analysis" questions, such as problems 
of moduli, or Corona Problem, can be put into this framework. 

We study below this very division problem in conjunction with an earlier work of the third 
author [33] dealing with the "disc" algebra A{Q) instead of Hilbert modules, and within the 
general concept of "privilege" introduced by Douady more than forty years ago [9l [10] . 

Below we only focus on the case of Bergman space. Specifically, the yi(il)-module N = coker(A : 
M C^c — *■ M ®c C'?) is called privileged with respect to the module M if it is a Hilbert module 
in the quotient metric and there exists a resolution 

^ M ®c C"'' ^ > M ®c ^ M 0c ^ ?i ^ 0, (1.4) 

where dq G Mn^_^_-^^nqiA{0,)). Note that implicitly in the statement is assumed that the range of 
the operator A is closed at the level of the Hilbert module M. 

An affirmative answer to the division problem is equivalent to the question of "privilege" in case 
of the Bergman module on a strictly convex bounded domain with smooth boundary. 

Theorem 1.8. Let C C™ be a strictly convex domain with smooth boundary, letp,q be positive 
integers and let A E Mp^q{A{i})) be a matrix of analytic functions belonging to the disk algebra of 
fi. The following assertions are equivalent: 
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(a) The analytic module coker(A : L'^{Q)p — > L'^{Q)'^) is privileged with respect to the Bergman 
space; 

(b) The function C i-^ rank A{Q, £ dQ, is constant; 

(c) Let f £ L'^{Q)'^. The equation Au = f has a solution u £ if and only if it has a 
solution u G 0(0)^. 

While we have stated our results for the Bergman module, they remain true for the Hardy space 
H'^{dQ,), that is, the closure of entire functions in the L^-space with respect to the surface area 
measure supported on dQ. Also, the results remain true for the Bergman or Hardy spaces of a 
poly-domain O = f^i x • • • x Q^, where C C, 1 < j < d, are convex bounded domains with 
smooth boundary in C. For these Hilbert modules, the notion of the sheaf model from the earlier 
work of \29\ [30] coincides with the sheaf model described here. 

1.5. The Hermitian structure. It follows, from the Lemma O that H^iB^) is in Bi(D2 \ {(0,0)}). 
Thus the machinery of [5l [7] applies here. But explicit calculation of unitary invariants are some- 
what difficult. As was pointed out in |18], the dimension of the localization ffQ(D^) 0c[zi,z2] 

u; E is an invariant of the module Hq(JD)'^). Therefore, it may not be desirable to exclude the 
point (0,0) altogether in any attempt to study the module Hq{3'^). Fortunately, implicit in the 
proof of Theorem 2.2 in [7], there is a construction which makes it possible to write down invariants 
on all of B^. This theorem assumes only that the module multiplication has closed range as in 
Definition 11.11 Therefore, it plays a significant role in the study of the class of Hilbert modules 
*Bi(17). 

We also note, from Theorem 11.51 that the map Tk '■ — > Gr(!M, d) defined by Tk{w) = 

{Kw \ . . . , Kw^) is holomorphic. The pull-back of the canonical bundle on Gr(M, d) under Tk 
then defines a holomorphic Hermitian vector bundle on the open set Oq. Unfortunately, the 
decomposition of the reproducing kernel given in Theorem 11.51 is not canonical except when the 
stalk is singly generated. In this special case, the holomorphic Hermitian bundle obtained in this 
manner is indeed canonical. However, in general, it is not clear if this vector bundle contains any 
useful information. Suppose we have equality in ()1.3p for a Hilbert module M. Then it is possible 
to obtain a canonical decomposition following [7], which leads in the same manner as above, to the 
construction of a Hermitian holomorphic vector bundle in a neighborhood of each point w £ il.. 

For any fixed but arbitrary wq £ and a small enough neighborhood fig of wq, the proof of 
Theorem 2.2 from [7] shows the existence of a holomorphic function P^^ : 0,q £;(M) with the 
property that the operator restricted to the subspace ker D(^j^/i_^^^^* is invertible. The range 
of can then be seen to be equal to the kernel of the operator IPo-D(M-u;)* ) where Pq is the 
orthogonal projection onto TanD(^^_^^-j* . 

Lemma 1.9. The dimension o/ ker PoD(m-'!«)* ^-^ constant in a suitably small neighborhood of 
Wq £ Q, say flQ. 

Let {eo, . . . , Cfc} be a basis for ker(M — wq)* . Since Pwq is holomorphic on 0,q, it follows that 
ji{w) := PwQ{w)ei, . . . ,'yk{w) := Pwo{w)ek are holomorphic on JIq- Thus F : f^o ^ Gr(M,/c), 
given by T{w) = kerPo-D(]v[-u))*! defines a holomorphic Hermitian vector bundle on 0,q of rank 
k corresponding to the Hilbert module M. 

Theorem 1.10. If any two Hilbert modules M and M from *Bi(r2) are isomorphic via an unitary 
module map, then the corresponding holomorphic Hermitian vector bundles !Po and ^Pq on 0,q are 
equivalent. 

1.6. Organization. We now describe the organization of the paper. In Section O we prove the 
decomposition theorem 11.51 The equivalence of the Gleason property with the equality in (II. Sh is 
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shown in Section [31 At the end of this Section, we give a simple proof of a conjecture from [17j for 
smooth points. This was first proved in [T^]. In Section [H we prove that the Bergman module is 
privileged. In Section \5\ we show that the sheaf model of [29^ [30] coincides with the one proposed 
here if the Hilbert modules are assumed to be privileged. Finally in Section [BJ we construct a 
Hermitian holomorphic vector bundle following We show how to extract invariants for the 
Hilbert module from this vector bundle. These invariants are not easy to compute in general, but 
we provide explicit computations for a class of examples in Section [7. II and in Section [7. 2[ we give 
detailed calculations of an invariant which is somewhat easier to compute. 

1.7. Index of notations 



C[z] the polynomial ring C[zi, . . . , Zm] of m- complex variables 

xxiw maximal ideal of C[z\ at the point w G C" 

a bounded domain in C™ 
n* {z: zGQ} 

the unit polydisc in C"" 
Mi module multiplication by the co-ordinate function Zj, 1 < i < m 

M* adjoint of Mi 

^(M-t«)* the operator M ^ M © . . . © M defined hy f ^ {{Mj - wj)* f)JL^ 

the analytic localization 0©o(c™)^ of the Hilbert module 
Bn{^) Cowen-Douglas class of operators, n > 1 

9°, a- 9° = . = .-J\m for a = (ai, . . . , a„) e Z+ x • • • x Z+ and 

UZ-^ """■3m (JZ-^ '"Zm 

Em 
i=l 

q{D) the differential operator aad" corresponding to the polynomial q = a^z' 

S"*^ the analytic submodule of 0^, corresponding to the Hilbert module M G 53 (il) 

K{z, w) a reproducing kernel 

E{w) the evaluation functional (the linear functional induced by K{-,w)) 
II ■ llA(0;r) supremum norm 

II • II 2 norm with respect to the volume measure 

Vu,(3") the characteristic space at w, which is {q E C[z] : q{D)f\^ = for all / G J} 

for some set 7 of holomorphic functions 
[J] the closure of the polynomial ideal J C M in some Hilbert module M 

A{Vt) the "disk" algebra 0(J^) n C(Q) over ^ _ 
0{Vl) the space of germs of analytic functions defined in a neighborhood of Vl 

Pq orthogonal projection onto ran ^^(m-wjo)* 

ker Po-D(m-m;)* for G O 



2. The proof of the decomposition theorem 

Proof of Theorem I j . 51 For simplicity of notation, we assume, without loss of generality, that = 
wq G il. Let {e„}^o be a orthonormal basis for M. Let {e*}^Q be the corresponding dual 
basis of M*, that is, e*(ej) = 5nj-, Kronecker delta, n,j G NU {0}. Let E{z) be the evaluation 
functional at the point z ^ VL. Clearly E{z) G M*, as M posses a reproducing kernel K. So 
E{z) = T.n=o0^n{z)el. Now, 



en{z) = E{z)en = ak{z)el}en = ^ afe(z)e^(e„) = ^ ak{z)5kn = an{z). 

k=0 k=0 k=0 
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It follows from [26j Theorem 2, page. 82] that for every element / in §J^, and therefore in 
particular for every e^, we have 

en{z) = Y,9f{z)ht\z),zeA(0;r) 

i=l 

for some holomorphic functions h^^^ defined on the closed polydisk A(0;r) C Jl. Furthermore, 

they can be chosen with the bound || /i^-"^ lloo A(O r) — ^11 llooA(o-r) some positive constant 
C independent of n. Although, the decomposition is not necessarily with respect to the standard 
coordinate system at 0, we will be using only a point wise estimate. Consequently, in the equation 
given above, we have chosen not to emphasize the change of variable involved and we have. 



n=0 i=l 1=1 n=0 

Setting Hi{z) to be the sum X^^q '^^^ write E{z) = Yli=i^i(.'^)9i{z) A(0;r). 

For the proof of part (i), we need to show that Hi{z) G M* where z G A(0;r). Or, equivalently, 

we have to show that X^^o 1^1"'' (^)l < each z G A(0; r). First, using the estimate on h^l^\ 

we have 

\ht\z)\<\\ hf^ ||a(o;0 ^ C-ll en ||a(o;0- 

We prove below the inequality X^^o II ^" llooA(o-r) ^ completing the proof of part (i). We 
prove, more generally, that for / G M, 

II / llA(0;r) ^ / ||2,A(0;r)' (2-1) 

where || . denotes the L?' norm with respect to the volume measure on A(0; r) It is evident from 
the proof that the constant C may be chosen to be independent of the functions /. 

Any function / holomorphic on Q. belongs to the Bergman space L^(A(0;r + e)) as long as 
A(0; r + e) CO. We can surely pick e > small enough to ensure A(0; r + e) C $7. Let B be the 
Bergman kernel of the Bergman space L^(A(0; r + e)). Thus we have 

I /H I = I {f,B{.,w)) I < II / ||2,A(0;r+.)^K^)i ^ ^ A(0;r + 

Since the function B{w,w) is bounded on compact subsets of A(0;r + e), it follows that C"^ := 
sup{B{w,w) : w G A(0;r)} is finite. We therefore see that 



/ llA(0;r) = SUp{| f{w) \: W £ A(0;r)} < C"|| / ||2_a(0; 



r+e)- 



Since e > can be chosen arbitrarily close to 0, we infer the inequality (|2.ip . 
The inequality (|2.ip implies, in particular, that 

00 00 „ 

II en II Afo-r) ^ C"' / I en{z) fdzi A dzi A • • • A dzm A dzr, 

^0 ^0-^A(0;r) 



We have shown that the evaluation functional E(z) G M* is of the form Yln=o ^n{z)e'^ and hence 
the function G{z) := Yl'^=o \ ^niz)\'^ is finite for each z G Jl. The sequence of positive continuous 
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functions Gk{z) := X^^=o converges uniformly to G on A(0;r). To see this, we note that 

\\Gk-Gf-^,Q. < C'^ \Gk{z) -G{z)\'^dziAdziA--- Adzm/\dz.m 



A{0;r) 



„ oo 

< C'^ / { I en{z) l^l^fizi A dzi A • • • A dz^ A dzm, 

iA{0;r) 



n=k+l 



which tends to as A; — > oo. So, by monotone convergence theorem, we can interchange the integral 
and the infinite sum to conclude 

oo „ oo 

II en IIa(Ot) I ^"(^) l^^^i A dzi A • • • A dzm A dz^ < oo 

n=0 ' ■^^(0;0 n=0 

as G is a continuous function on A(0;r). This shows that 



I I < II en |lA(0;r) < 

n=0 n=0 

Hence G M*. 

Now, for each i, I < i < d, there exist ET^*^ G M such that Hi{w)f = {f,Kw^). Let 
us set Ki{z,w) := Kw\z). The function Ki is holomorphic in the first variable and anti- 
holomorphic in the second by definition. For w G A(0;r), we have {f,K{-,w)) = E{w)f = 
j:ti9^iwWw)f = T.ti{fr9l{w)K,{.,w)) = {f,Etl9^HK^{■,w)) for all / G M. Hence 
K{z,w) = Yli=i9i(.''^)^ii^^'^) (i) is proved. 

To prove the statement in (ii), at 0, we have to show that whenever there exist complex numbers 
ai, . . . , Orf such that Yli=i otiKi{z, 0) = 0, then = for all i. We assume, on the contrary, that 
there exists some z G 1, . . . , d such that Oj ^ 0. Without loss of generality, we assume ai ^ 0, then 
Ki{z,{)) = Y.i=2(^iKi{z,0) where Pi = ^,2<i<d. This shows that Ki{z,w) - Et2AKi{z,w) 
has a zero at w = 0. From \28\ Theorem 7.2.9], it follows that 



Ki{z,w) - 'Yf3iKi{z,w) = y^^WjG 



z,w 



1=2 j = l 



for some function Gj : x A(0;r) ^ C, 1 < j < m, which is holomorphic in the first and 
antiholomorphic in the second variable. So, we can write 

d d 

K{z,w) = Y,g^{w)Ki{z,w)=g^,{w)Ki{z,w) + Y,9Uw)K,{z,w) 

i=l 1=2 

dm d 

= gi{w){Y,PiKi{z,w) + YwjGj{z,w)] + Y,9i{w)Ki{z,w) 

1=2 j=l 1=2 

d m 

= Yig^iw) + Pig',{w))Ki{z,w) + Y,^j9iHGj{z,w). 

i=2 j=l 

For / G M and w G A(0; r), we have 

d m 

f{w) = {f,K{;w)) = Y,i9'l{w)+Mi{w)){f,K,{z,w))+gl{w){f,Y,w,G,{z,w)). 

i=2 j=l 
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We note that (/, "^JLi WjGj{z, w)) is a holomorphic function in w which vanishes at = It then 
follows that (/, Yl^=i WjGj{z,w) = XljLi WjGj{w) for some holomorphic functions Gj, 1 < j < m 
on A(0;r). Therefore, we have 

d m 

fM = Y.ig'liw) +Mi{w)){f,K,{z,w)) +5?M^u;,5?HG,M. 

i=2 j=l 

Since the sheaf S"'^|^(q.^') is generated by the Hilbert module M, it follows that the set + 
(3291, • • • i9^d + /^d5i> -^15?) ■ ■ ■ ) Zm9i} ^Iso generates S"'^|^(o r)' particular, they generate the stalk 
at 0. This, we claim, is a contradiction. Suppose A C Sj^ is generated by germs of the functions 
92 + /^25i) • • • + I^d9i- Let m(0o) denotes the the only maximal ideal of the local ring Oq, 
consisting of the germs of functions vanishing at 0. Then it follows that 

m(Oo){So^M} = So^M- 

Using Nakayama's lemma (cf. [36^ p.57]), we see that zy^/A = 0, that is, Sj^ = A. This contradicts 
the minimality of the generators of the stalk at completing the proof of first half of (ii) . 

To prove the slightly stronger statement, namely, the independence of the vectors Kw^ , ^ ^ i ^ d 
in a small neighborhood of 0, consider the Granimian ((^{Kw\ The determinant of this 

Grammian is nonzero at 0. Therefore it remains non-zero in a suitably small neighborhood of 

(i) 

since it is a real analytic function on Qq. Consequently, the vectors , i = 1, . . . ,d are linearly 
independent for all w in this neighborhood. 

To prove the statement in (iii), that is, to prove that Kq^ are uniquely determined by the 
generators 5^ , 1 < i < d. We will let gf denote the germ of gf at as well. The uniqueness of 

(i) 

the set of vectors Kq is clearly the same as the uniqueness of the set of linear functionals Hi, 
I < i < d. Thus enough to show if Yli=i 9i ~ ^ii^)} — fo'^ some choice of Hi, I < i < d, 

then {Hi - Hi){0) = 0. But then we have ^^^q ^^i 9i{z){K{z) - hfiz)}e*^ = 0. Hence, for each 
n 

d 

Y,9nzm{z)-hnz)} = o- 
1=1 

Fix n and let ai{z) = h'^{z) — h^{z). In this notation, "^i^i 9i{z)ai{z) = 0. Now we claim that 
aj(0) = for all i £ {1, . . . , d}. If not, we may assume ai(0) ^ 0. Then the germ of ai at is a 
unit in ^0. Hence we can write, in 

d 

9i = -(X]fi'"«o)"io~^ 

i=2 

where UiQ denotes the germs of the analytic functions at 0, 1 < i < d. This is a contradiction, as 
gi, . . . , g^^ \s a, minimal set of generators of the stalk Sj^ by hypothesis. As a result, /i"(0) = /if (0) 
for alH E {1, . . . , d} and n E N U {0}. Then iJi(O) = Hi{Q) for alH E {1, . . . , d]. This completes 
the proof of (iii). 

To prove the statement in (iv), let {gi, . . . ,g^} and {g\, . . . ,(f^} be two sets of generators for 
§2^ both of which are minimal. Let i^*^*-* and K^'^\ 1 < i < d, be the corresponding vectors that 
appear in the decomposition of the reproducing kernel K as in (i). It is enough to show that 

spanj;{Kj(z, 0) : 1 < i < d} = spanc{i^j(-z, 0) : 1 < i < d}. 



12 



BISWAS, MISRA, AND PUTINAR 



There exists holomorphic functions 1 < i,j < d, in a smah enough neighborhood of such 
that = J2'j=i (Pijdj- It now follows that 

d d d 

K{z,w) = J29iMKi{z,w) = Y,{Y.^ij{w)g%w))ki{z,w) 

1=1 i=l j=l 

d d 

j=l i=l 

for w possibly from an even smaller neighborhood of 0. But K{z,w) = Yl'j=i9j{'^)^j{^^''^) 
uniqueness at the point implies that 

d 

KJ{z,0)=Y,^^JiO)K^iz,0) 
1=1 

for 1 < j < d. So, we have spanQ{Ki{z,0) ■ I < i < d} C spanc{^i(2;, 0) : 1 <i < d}. Writing gj 
in terms of g^, we get the other inclusion. 

Finally, to prove the statement in (v), let us apply Mj* to both sides of the decomposition 
of the reproducing kernel K given in part (i) to obtain WjK{z,w) = Yli=i9ii'^)^j* -^ii^^''^)- 
Substituting K from the first equation, we get Yli=i 9i(''^)i^j — ^- ^iji^i = 

(Mj—Wj)* Ki{z, w). For a fixed but arbitrary zq G Q, consider the equation Yli=i 9i{'^)^ij{^0j '"^) = 
0. Suppose there exists k,l < k < d such that Fkj{zo, 0) 7^ 0. Then 

d 

9k = {Fkj{zo,-)oy' E 9iFij{zo,-)o- 

This is a contradiction. Therefore Fij{zo, 0) = 0, 1 < i < d, and for all zq G Q. So Mj*Ki{z, 0) = 0, 
l<i<d, l<j<m. This completes the proof of the theorem. □ 

Remark 2.1. Let 3 be an ideal in the polynomial ring C[z\. Suppose M D J and that J is dense 
in M. Let {pi G C\z\ : 1 < i < be a minimal set of generators for the ideal J. Let F([J) 
be the zero variety of the ideal 0. If w ^ ^(J); then §^ = mOw Although pi, . . . ,pt generate 
the stalk at every point, they arc not necessarily a minimal set of generators. For example, let 
=< zi{l + zi), zi{l — Z2), Z2 >C C[zi, Z2\. The functions z\(\ + zi), z\{\ — Z'l)^ z^ form a minimal 
set of generators for the ideal J. Since 1 + zi and \ — z^ are units in 2O0) it follows that the 
functions z\ and z\ form a minimal set of generators for the stalk 

3. The joint kernel at and the stalk 

Let g\,. . . ,g^ be a minimal set of generators for the stalk as before. For / G S^^, we can 
find holomorphic functions /i, 1 < i < ci on some small open neighborhood U of wq such that 
/ = Eti 9Vi on U. We write 

d d d 

i=l i=l i=l 

on U. Let m(O^Q) be the maximal ideal (consisting of the germs of holomorphic functions vanishing 
at the point wq) in the local ring Oy^g and m{Owo)§>^o ~ Tniuo^u^- Thus the linear span of the 
equivalence classes [gl], . . . , [g^] is the quotient module §^/m^g§^. Therefore we have 

dim §^,/m^o§^:'o < d- 
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It turns out that the elements b?], • • • , b^] in the quotient module are linearly independent. 



Then dim S^^i /nx^jg = d. To prove the linear independence, let us consider the equation 



Yli=i '^i[9i] = foi^ some complex numbers Oi, 1 < i < d, or equivalently, Yli=i '^i9i ^ ^{'^w)S^. 
Thus there exists holomorphic functions /j, 1 < i < d, on a small enough neighborhood of wq and 
vanishing at wq such that Yl'i=ii'^i ~ fi)9i — 0- Now suppose 7^ for some k,l < k < d. Then 
we can write ff^ = — ^i^ki'^k — fk)o^{c(i — fi)o9i which is a contradiction. From the decomposition 
theorem 1 1.5 1 it follows that 

dimn^]^ ker(M,- — woj)* > '^{minimal generators for 5^} = dim S^/m^oS^. (3.1) 

We will impose natural conditions on the Hilbert module M, always assumed to be in the class 
*Bi(S7), so as to ensure equality in (jl.Sp which is also the inequality given above. Let y(M) := 
{w E : f{w) = 0, for all / E M} . Then for wq y(M), the number of minimal generators for 
the stalk at wq is one, in fact, S*^ = m^wo- Also, dim kev D(^j^_yj^-j* = 1 since the joint kernel at 
■Wq is spanned by the Kernel function K{-,wo) of M for wq y(M). Therefore, outside the zero 
set, we have equality in (|1.3p . For a large class of Hilbert modules, we will show, even on the zero 
set, that the reverse inequality is valid. For instance, for Hilbert modules of rank 1 over C[z], we 
have equality everywhere. This is easy to see: 

1 > dimM ®e™ C^o = dimn™ 1 ker(Mj - wqjT > dim§^Jm^,§^^^ > 1. 

To understand the more general case, consider the map : M — > defined by / 1-^ 
where is the germ of the function f at w. Clearly, this map is a vector space isomorphism 
onto its image. The linear space 

j^iw) ._ ^Y=i{zj - Wj)M = m^M is closed since M is assumed 
to be in 53i(J7). Then the map f ^ fw restricted to M^"") is a linear isomorphism from M^"") to 
(M("'))^. Consider 

M ^ ^ §^/m(0.)S^, 

where vr is the quotient map. Now we have a map ijj : M.w/{JA^'^'>)w — > §i'If/{in(0«))§J^''} which 
is well defined because (M^""^)^ C n m{Ow)^^- Whenever can be shown to be one-one, 
equality in ([O]) is forced. To see this, note that M e M^'^) ^ M/M^"') and 

m 

nj"li ker(Mj - Wjf = n^"Li{ran(Mj - Wj)]^ = M ^{zj - Wj)U = M e M^""). 

i=i 

Hence 

d < dimnj"Li ker(Mj - Wjf = dimM/M^'^) < dim§^/m(0^)S^ = d. (3.2) 

Suppose ilj{f) = for some / E M. Then E m(0^)8^ and consequently, / = Y^^i{zi — Wi)fi 
for holomorphic functions /i, 1 < i < m, on some small open set U. The main question is if the 
functions fi, 1 < i < m, can be chosen from the Hilbert module M. We isolate below, a class of 
Hilbert modules for which this question has an affirmative answer. 

Let be a Hilbert module over the polynomial ring C[z\ in the class Bi(r2). Pick, for each 
w; E ri, a C - linear subspace of the polynomial ring C[z\ with the property that it is invariant 
under the action of the partial differential operators {-^, a^;;"} (see [4j). Set 

M{w) ={f£^: q{D)f\^ = for all q E V^}. 

For / E M(w) and g E V^, 

q{D){z,f)\^ = Wjq{D)fU + = 
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Now, the assumption on Yw ensure that M(tt;) is a module. We consider below, the class of 
(non-trivial) Hilbert modules which are of the form M := fltuec M(?u). It is easy to see that 

w i y(M) if and only if V^„ = {0} if and only if M(w) = 
Therefore, M = n«,ey(M) ^(w^)- Let V^(M) := {q G C[z] : q{D)^\^ = for all / G M}. We 
note that V^„(M) = V^. Fix a point in y(M), say wq. Consider V^o(M) = G C[i] : ^ G 
V^o(M), 1 < i < m}. For -u; G l^(M), let 



V^„o(M) ifit; = ii;o. 



Now, define J^^{vS) to be the submodule (of IK) corresponding to the family of the C-linear 
subspaces V^o(M) and let M'^o = n«,ey(M) ^""'(^^)- So we have Y^{W"^) = VJ^n(M). For 
/ G M("'°\ we have / = Yl%=i{^j ~ '^Oj)fi^ some choice of fi,. . . ,fm G M. Now for any 
q & C\z}, following [4j, we have 

m mo 
9(^)/ = J](?(i?){(^, - woj)f,} = - ^oMD)fj + g^.iD)f:i}- (3-3) 

i=l i=l 

For w G y(M) and / G M^"'''^ it follows from the definitions that 

fEI^ilK - woj)q{D)fj\^ + ^(Z))/,U} =0 g G V-o, / u;o 
lE™i{$P)/.Uo} = ' gGV-o, u; = u;o. 



Thus / G M("'o) implies that / G M"'o(t(7) for each w G y(M). Hence M^^") C M'"". Now we 
describe the Gleason property for M at a point wq. 

Definition 3.1. We say that M := n^gv'(3vj)M(u;) has the Gleason property at a point wq G F(M) 
if M'^o =M('"«). 

Analogous to the definition of V^p(M) for a Hilbert module M, we define the space Ywoi^wo) — 
{q G C[z] : q{D)f\^^ = 0, f^o G S^Jl^}. It will be useful to record the relation between V«,()(M) and 
V^f,(S^j) in a separate lemma. 

Lemma 3.2. For any Hilbert module in and wq G ^l, we have V«,o(M) = Vt^,o(8^). 

Proof. We note that the inclusion ¥^^(8^^ C Y^^iM) follows from M^^ C §^t. To prove the 
reverse inclusion, we need to show that q{D)h\wg = for /i G S^, for all q G Vu,q(M). Since 
h G S^, we can find functions /i, . . . , /„ G M and 51, . . . , G 0^^ such that /i = Y17=i fidi 
in some small open neighborhood of wq. Therefore, it is enough to show that g(-D)(/5)|^Q = 
for / G M, g holomorphic in a neighborhood, say [/^q of wq, and g G V^y(M). We can choose 
{7^,0 to be a small enough polydisk such that g = J^a'^aiz — wq)°^, z G U^q- We then see that 
q{D){fg) = '^^aaq{D){{z — ifo)"/} for z G Uwa- Clearly, {z — wq)"/ belongs to M whenever 
/ G M. Hence q{D){{z — u'o)"/}|iyo = and we have q{D){fg)\^^^ = completing the proof of 
V^„(M)CV^„(§^,).. □ 

We will show that we have equality in (jl.3p for all Hilbert modules with the Gleason property. 

Proof of proposition [7751 We first show that ker(7r o i^^) = JA^". Showing ker(7r o i^^) C M'"'' is 
same as showing M.wo n tn^uoS^ C (M"'^)^^. We claim that 
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If / E m«,Q§^, then there exists fj S such that / = Yl^ii^j ~ ^Oj)fj- From equation (|3.3p . 
we have 

q G "V^oi^^o^wo) if and only if ^ G ^woi^'^o) = ^mi^) for all j, 1 < j < m. 

Now, from lemma 13.21 we see that E V^o(M) 1 < j < m, if and only if g G V^o(M), which 

proves our claim. So for / e M, if /^^ G m^oS^^, then / G M'"o(u;) for all w G V{M). Hence 
/ G M"'o and as a result, we have M^^ n m^oS^ C (M'"")^^. 
Now let / G W^o. From (I33D it follows that 

/ G {5 G 0^, : gp)5L„ = for all q G V^„(m^,§;^:^J}. 
Then from [il, Prposotion 2.3.1] we have / G m^gS^. Therefore / G ker(7roz^g and ker(7roz^g) = 

Next we show that the map vr o i^^ is onto. Let Yli^=i fi9i G S^, where /j G M and (7j's are 
holomorphic function in some neighborhood wq, 1 < i < n. We need to show that there exist 
/ G M such that the class [/] is equal to [^17=1 fidi] in S^/m«,oSi^o- = Ya=i fi9i{wo)- 

Then 

n. n 

^fiOi - f = ^fi{9i- 9i{wo)} G m^^S^^. 

i=l i=l 

This completes the proof of surjectivity. 

Suppose Gleason property holds for JA, at wq. Since M^"""^ C ker(7r o i^o), and we have just 
shown that ker(7roi) = M"'°, it follows from the Gleason property at wq that we have the equality 
ker(7r o i^J = M^"""). We recah then that the map V : M/M^'"") — > §^o/{mt,o§^J is one to one. 
The equality in (|1.3p is established using the equations (j3.ip and (|3.2p . 

Now suppose equality holds in (jl.3p . From the above, it is clear that M/M*"" is isomorphic to 
^m/^-^o^m- Thus 

dimM/M"'o = dimM/M("'o). 
But as M^'^o) C M'^o, we have M^^'o) = M""" and hence Gleason property holds for M at wq. □ 

A class of examples of Hilbert spaces satisfying Gleason property can be found in ^23j. It was 
shown in |23j that Gleason property holds for analytic Hilbert module. However it is not entirely 
clear if it continues to hold for submodules of analytic Hilbert module. We will show here, never 
the less, we have equality in ()1.3p . Let M be a submodule of an analytic Hilbert module over C[z}. 
Assume that M is a closure of an ideal J C C[z\. From [H [19], we note that 

dimn^iker(Mj - woj)* = dimJ/m^oJ. 

Therefore from (j3.ip we have 

dimJ/m^„(,a > dimS^/m^oS^. 
So we need to prove the reverse inequality. Fix a point G 0. Consider the map 

gjVC ^ g3Vt / cM 

We will show that ker(7roi^g) = m^pJ. Let denote the zero set of the ideal J and Vu,(J) be its 
characteristic space at w. We begin by proving that the characteristic space of the ideal coincides 
with that of corresponding Hilbert module. 

Lemma 3.3. Assume that M = [d]. Then V^(j(3) = V^(,(M) for wq G Q. 
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Proof. Clearly Yy,^,{d) D V^o(M)> so we prove V^o(J) C V^o(M)- For q G V^o(J) and / G M, we 
show that q{D)f\yj^^ = 0. Now, for each / € M, there exists a sequence of polynomial £ J such 
that pn — > / in the Hilbert space norm. Recall that if K is the reproducing kernel for M, then 

= {f,d''K{-,w)), for a G Z+, w e Q, / G M (3.5) 
For w €z Q and a compact neighborhood C of we have 

\q{D)pn{w)-q{D)f{w)\ 
= \{pn - f,qiD)Ki;w))\ <\\ p„ - / IImII q{D)Ki;w) \\m 
< \\Pn- f Wmsup \\q{D)K{-,w) 

So, in particular, q{D)pn\^^ — > q{D)f\^^ as n — > oo. Since q{D)pn\^^^ = for all n, it follows 
that = 0. Hence q G V^g(M) and we are done. □ 

Now let a = m^oJ. Recall IW, Proposition 2.3] that V{d)\Vid) := {t;; G C'" : Y.^{3) C V^(a)} = 
{ii^o}- Here we will explicitly write down the characteristic space. 

Lemma 3.4. For ii; G C™, Y^n{^) = Y^^^i^)- Here V^^jop) = j w ^wq; ^ Y^,p) = 



{9GC[z] : g GV^o(^), l<i<m}. 



Proo/. Since C J, we have V,„(J) C V^(a) for all w G C". Now let w ^ wq. For / G J and 
g G Vt„(a), we show that q{D)f\^ = which implies q must be in V^(J). 

Note that for any A; G N and j G {1, . . . ,m}, q{D){{zj - wqjY f}\^ = as {zj - WQj)'"' f G 0. 
This implies T^Loi^j " "^OjO^t) fS(^)/L = 0- Hence we have 

{w, - w^,fq{D)f\^ = {-lf^(D)f\^ for all A: G N and j G {1, . . . ,m}. 

So, if 7^ then there exists i G {!,..., m} such that / woi- Therefore, by choosing k large 
enough with respect to the degree of q, we can ensure {wi — woi)'^q{D)f\^ = 0. Thus q{D)f\^ = 0. 
For w = wq, we have 

9 G Vt„o(^) if o^ly if ~ '"'OjO/ll^g = for all / G J and j G {1, • • • ,m} if and 

only if = for all / G J and j G {1, . . . ,m} if and only if g G V^„o(^J) if and only if 

G V«,oP) all J G {1, . . . , m} if and only if g G V^o(^)- 
This completes the proof of the lemma. □ 

We have shown that Ywq{3) = Vtt,()(M) = V«,()(S^). The next Lemma provides a relationship 
between the characteristic space of 3 at the point wq and the sheaf S 

Lemma 3.5. V^,(a) = V^o(m(0^JS^J. 

Proof. WehaveV^„(m(0^JS;j^;) C V^o(a). From the previous lemma, it follows that if g G Ywo{3), 
then q G Y^,{3), that is, ^ G V^o(J) = Y^q{§^^) for ah j G {1, . . . ,m}. From ([331), it follows 
that (7G V^o(m(0^JSj:^J. ' □ 

Now, we have all the ingredients to prove that we must have equality in (jl.3p for submodules 
of analytic Hilbert modules which are obtained as closure of some polynomial ideal. 



M 
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Proposition 3.6. Let M = [3] be a submodule of an analytic Hilbert module over C\z}, where J is 
an ideal in the polynomial ring C[2]. Then 

'^{minimal set of generators for S^} = dimn^;^ ker(Mj — woj)* . 

Proof. Let p G J such that tto i^^[p) = 0, that is, p^o € m(0^Q)S^. The preceding Lemma imphes 
qiD)p\^^ = for ah q G Y^.id). So, p e := {r G C[z] : qiD)p\^^ = 0, for all q E V^„(3)}. 
Therefore, from [H Corollary 2.1.2] we have p S Clw&c^ — 3- Thus ker(7r o i^^) = S = nx^o-'- 
Then the map vr o i^^ : dim J/m^(jJ —>■ dimS^/m^QS^ is one-one and we have 

dimJ/m^„(,J < dim S^^ /m^o 8^ . 

Therefore, we have equality in p.3p . □ 

Remark 3.7. Corollary 11.71 is immediate from the Theorem 11.61 and the proposition given above. 

Remark 3.8. In the paper [19], it is proved that if M is a closure of an ideal in the polynomial 
ring and wq G V{'J) is a smooth point then, 

1- „m 1 A* _ / 1 for wq ^V{3)nQ; 

dimn,=i ker(M, - wqj) - | ^^^^^^^^^^^ for ^ ^ ^ 

This can be easily derived from the Proposition given above. In the course of the proof of the 
main theorem in [19] , a change of variable argument is used to show that one may assume without 
of loss of generality that the stalk at wq is generated by the co-ordinate functions zi, . . . ,Zr, where 
r is the co-dimension of Therefore, the number of minimal generators for the stalk at a 

smooth point is equal to the codimension of V{d). It now follows from the Proposition that the 
dimension of the joint kernel at a smooth point is equal to the co-dimension of VCJ). 

4. Bergman space privilege 

Fix two positive integer p, q. The division problem asks if the solution u G 0(1^)^ to the linear 
equation Au = f must belong to Ll{Q)'^ if / G -^a(^)^ the matrix A e Mp^q{0{Q)) of analytic 
functions defined in a neighborhood of are given. Two independent steps are necessary to 
understand the nature of the Division problem. 

First, the solution u may not be unique, simply due to the non-trivial relations among the 
columns of the matrix A. This difficulty is clarified by homological algebra: at the level of coherent 
analytic sheaves, = coker(A : 0|^ — > ^l^'-' admits a finite free resolution 

O^0|J^ ,0|«i ^01^0 ^.j^^O, (4.1) 

where ni = p,no = q and di = A. The existence of such a resolution is assured by the analogue of 
Hilbert syzygies theorem in the analytic context, see for instance |25] . 

The second step, of circumventing the non-existence of boundary values for Bergman space 
functions, is resolved by a canonical quantization method, that is, by passing to the algebra of 
Toeplitz operators with continuous symbol on L'^{Q). We import below, from the well understood 
theory of Toeplitz operators on domains of C™, a crucial criterion for a matrix of Toepliz operators 
to be Fredholm (cf. [351 [37]). 

Assume that the analytic matrix A(z) is defined on a neighborhood of 0,. One proves by 
standard homological techniques that every free, finite type resolution of the analytic coherent 
sheaf 97 = coker(A : 0|^ — > ^1^2"-' i'^'^^'^^^ the level of the Bergman space L'^{^) an exact 
complex, see [9j. The similarity between the two resolutions given above are not accidental, as it 
will be revealed in the next theorem. After understanding the disc-algebra privilege on a strictly 
convex domain [33] , the statement of Theorem 11.81 is not surprising. 
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Proof of Theorem The proof is very similar to the one of the disk algebra case , and we 
only sketch below the main ideas. Assume that the resolution 11.41 exists and that the last arrow 
has closed range. The exactness at each degree of the resolution is equivalent to the invertibility 
of the Hodge operator: 

44 + 4+i4+i : Llinr" Llinr", i<k<p, 

where we put 4+1 = 0- To be more specific: the condition ker[44 + 4+i4+i] = is equivalent 
to the exactness of the complex at stage k, implying hence that ran(4+i) is closed. In addition, 
if the range of 4 is closed, then, and only then, the self-adjoint operator 44 + 4+i4+i ^s 
invertible. 

Since the boundary of O is smooth, the commutator [Tf,Tg] of two Toeplitz operators acting 
on the Bergman space and with continuous symbols f,g £ C{^1) is compact, see for details and 
terminology [3l[35l|37]. Consequently for every k, d\dk + 4+i4+i is, modulo compact operators, 
a X rifc matrix of Toeplitz operators with symbol 

dk{z)*dk{z) + 4+1(2)4+1(2;)*, w eQ, 

where the adjoint is now taken with respect to the canonical inner product in C"*. According to a 
main result of [3], or [371 [35], if the Toeplitz operator 4*^^ + 4+14+1 is Fredholm, then its matrix 
symbol is invertible. Hence 

ker[4(2)*4(2) + 4+1(2)4+1(2)*] =0, 1 <k <p. 

Thus, for every 2 G dO,, 

rank^(2) = dimcoker((ii(t«)) = uq — ni + n2 — ... + (— l)^np. 

To prove the other implication, we rely on the disk algebra privilege criterion obtained in the 
note [33]. Namely, in view of Theorem 2.2 of [33]; if the rank of the matrix A{z) does not jump for 
2 belonging to the boundary of then there exists a resolution of N = coker A : A^^iy — > A{0,)'^ 
with free, finite type >l(r2)-modules: 

^ Ainy^' ^ > yi(n)"i ^ yi(o)"o ^ n ^ o. (4.2) 

As before, we denote di = A. We have to prove that the induced complex p.4|) . obtained after 
applying (|4.2p the functor (8)yi(Q)L^(r2), remains exact and the boundary operator di has closed 
range. 

For this, we "glue" together local resolutions of coker^ with the aid of Cartan's lemma of 
invertible matrices, as originally explained in [lOj, or in [33j. For points close to the boundary of 
Jl, such a resolution exists by the local freeness assumption, while in the interior, in neighborhoods 
of the points where the rank of the matrix A may jump, they exist by Douady's privilege on 
polydiscs. This proves that the Hilbert analytic module !N = coker(A : L'^{Qy — > L'^{Q)'^) is 
privileged with respect to the Bergman space. 

As for assertion c), we simply remark that it is equivalent to the injectivity of the restriction 
map 

coker (A : Ll{n)P Ll{Qy) coker(^ : 0{Q)p 0{Qy). 

The last co-kernel is always Hausdorff in the natural quotient topology as the global section space 
of a coherent analytic sheaf. 

The only place in the proof where the convexity of is needed, is to ensure that, if the resolution 
11.41 exists, then the induced complex at the level of sheaf models 

is exact. For a proof see [33]. □ 
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Remark 4.1. It is worth mentioning that for non-smooth domains in the above result is 
not true. For instance A{Q)-pnvilege for a poly-domain was fully characterized by Douady [lUj . 
On the other hand, even for smooth boundaries, the privilege with respect to the Frechet algebra 
0(r2) n C°°{fl) seems to be quite intricate and definitely different than the Bergman space or disk 
algebra privileges, as indicated by an observation of Amar [T]. 

Corollary 4.2. Coker [{^i, ■ ■ ■ , ^Pm) ■ -^aC^)™ ~^ -^a(^)™] ^-^ privileged if and only if the analytic 
functions . . . , ipm) have no common zero on the boundary. 

Proof. No common zero of the functions ipi, . . . , ipm lies on the boundary of Q. Therefore, the 
matrix (ipi, . . . , ipm) is of full rank 1 on the boundary of Q. □ 

For many semi-Fredholm Hilbert module such as the Hardy space on 0, the result given above, 
remains true ( O [lO] ) . 

Since the restriction to an open subset JIq C J7 does not change the equivalence class of a module 
in !Bi(r2), we can always assume, without loss of generality, that the domain is pseudoconvex in 
our context. For wq S ^, the m-tuple (zi—wqi, ■ ■ ■ , Zm—wom) has no common zero on the boundary 
of We have pointed out, in Section [H that if for / G M the equation / = YlT=i^^i ~ '^^i)fi 
admits a solution (/i, . . . , fm) in 0(0)"* and if the module M is privileged, then the solution is in 
M™. This shows that / G M'^"'°^ Thus for Hilbert modules which are privileged, we have 

'^{minimal generators for 5"^} = dim ker(Mj — woj)* . 

In accordance with the terminology of local spectral theory, see [21], we isolate the following 
observation. 

Corollary 4.3. Assume that the analytic module 3sf = coker(A : L^(J7)p — > L^(r2)^) is Hausdorff, 
where A and Q are as in the Theorem. Then J4 is a Hilbert analytic quasi- coherent module, and 
for every Stein open subset U o/C™", the associated sheaf model is 

coker(A : :K{U)p — > :K{U)'^) = 
coker(z - w : 0{U)(^W^ — > 0(C/)®3^), 
where "K denotes the sheaf model of the Bergman space. 

Remark 4.4. We recall that (see [21]) 

J{{U) = {f e 0{U n Q); \\f\\2,K <oo, K compact in U}. 
Since 'K\n = 0|q we infer that the restriction !]Sf|f7 is a coherent sheaf, with finite free resolution 

0^01;;^^. .. ^01^1 ii.0|^o^5^l^^o. 

5. Coincidence of sheaf models 

Besides the expected relaxations of the main result above, for instance from convex to pseudo- 
convex domains, a natural problem to consider at this stage is the classification of the analytic 
Hilbert modules 3sf = coker(74 : L^(J7)"* — > L^(r2)") appearing in the Theorem 11.81 above. This 
question fits into the framework of quasi-free Hilbert modules introduced in [13j . That the result- 
ing parameter space is wild, there is no doubt, as all Artinian modules M (over the polynomial 
algebra) supported by a fix point wq £ Q enter into our discussion. Specifically, we can take 

H = coker(((^i, (^p) : lUnf LI{Q)), 
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where c/Pi, are polynomials with the only common zero {wq}. Then in virtue of Theorem 
2.1, the analytic module M is finite dimensional and privileged with respect to the Bergman 
space L^(r2). An algebraic reduction of the classification of all finite co-dimension analytic Hilbert 
modules of the Bergman space associated of a smooth, strictly convex domain can be found in 

(SUES]. 

In order to better relate the Cowen-Douglas theory to the above framework, we consider together 
with the map 

whose cokernel was supposed to be Hausdorff, the dual, anti-analytic map 

It is the linear system, in the terminology of Grothendieck [M] or |24j . with its associated Hermitian 
structure induced from the embedding into Bergman space, 

kerA*{z) C Ll{ny, z e n, 

which was initially considered in operator theory, see |18j . 
Traditionally one works with the torsion-free module 

M = r^.n{A■.Ll{nr^Ll{ny), 

rather than the cokernel N studied in the previous section. A short exact sequence relates the two 
modules: 

— >M — > Ll{ny — — . o. 

Proposition 5.1. Assume, in the conditions of Theorem \1.8l that the range M of the module map 
A is closed. Then M is an analytic Hilbert quasi- coherent module, with associated sheaf model 

M{U) = ian{A : J{{U)p — > M{Uy), 

for every Stein open subset U o/C™. 

In particular, for every point wq G Q, there are finitely many elements gi, ■■■,gd € M C L^(il)'^, 
such that the stalk coincides with the 0wo-module generated in 02,q by gi, ■■■,gd- 

Proof. The first assertion follows from the main result of the previous section and the yoga of 
quasi-coherent sheaves. In particular we obtain an exact complex of coherent analytic sheaves 

For the proof of the second assertion, recall that the quasi-coherence of M yields a finite pre- 
sentation, derived from the associated Koszul complex, 

0"„®M ^ ®M M^, 0. 

By evaluating the presentation at w = wq, we obtain the exact complex 

M M{wo) 0. 

Above we denote hy vu = {wi, ...,Wm) the m-tuple of local coordinates in the ring 0wo, while 
z = {zi,...,Zd) stands for the d-tuple of coordinate functions in the base space of the Hilbert 
module Ll{Q). 

By coherence, dimM(t(;o) < oo, and it remains to choose the k-tuple of elements g = (gi, . . . , g^) 
as a basis of the ortho-complement of ran(z — wq : — >M). Then the map 
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is onto. Consequently, the functions 51, generate as a submodule of 0^o- As a matter of 
fact the same functions wih generate for all points w belonging to a neighborhood of wq. □ 

Corollary 5.2. Under the assumptions of the Proposition, the restriction to 0, of the sheaf model 

M =ran^ coincides with the analytic subsheaf of 0'^ generated by all functions / G M. 

The dual picture emerges easily: let wq be a fixed point of 0, under the assumptions of Theorem 
m the map :— [zi — wqi, . . . , — it'Om) • M™' — > JVt has finite dimensional cokernel. 

Choose abasis vi, ...,V£ of ker 74^^(2;)* and denote by Pw the orthogonal projection onto ker^^(z)*. 
Then for w belonging to a small enough open neighborhood V of wq, the elements Pw{vi), Pw{vi) 
generate ker ^^(z)* as a vector space, but they need not remain linearly independent on V. Never 
the less, starting with a module M in 53i(0), in the next section, we will provide a construction 
of a holomorphic Hermitian vector bundle Ej^ on V. 

6. Classification of Hilbert modules and curvature invariants 

Let M be a Hilbert module in *Bi(r2) and wq £ Q he fixed. The vectors K^^ G M, 1 < 
i < d, produced in part (ii) of the decomposition theorem 11.51 are independent in some small 
neighborhood, say 0,q of wq. However, while the choice of these vectors is not canonical, in 
general, we provide below a recipe for finding the vectors Kw^ , 1 < « < d, satisfying 

Ki;w)= g\{w)K^^^ + ■■■ + gl{w)K^^\ w e no 

following [7j . We note that m^M is a closed submodule of M. We assume that we have equality in 
(II. 3p for the module M at the point wq G that is, span^lKwl : 1 < i < d} = dimn^;^ ker(Mj — 

Woj)*. 

Let i5(M-«))* = ^m{w)\D(^]^_^'j* \ be the polar decomposition of -D(m-u))*) where \Dq^/i_^'j* \ is 
the positive square root of the operator (-D(m-«))*)*-D(M-«))* a-iid Vm{w) is the partial isometry 
mapping ( ker L)(]v[_^).)"'" isometrically onto ranD^M.^). . Let Qmiw) be the positive operator: 

Q^(^)LrD,^_^,,, = and QM(^^)|(kerD(M-.,*)^ = (' ^(M-)* 1 1 (kcr ) ' 

Let Rmiw) : M © • • • © M ^ M be the operator RMiw) = Qm{w)Vm{'w)* . The two equations, 
involving the operator D(m-iu)*) stated below are analogous to the semi-Fredholmness property of 
a single operator (cf. [5, Proposition 1.11]): 

RMiw)D(M-w)* = ^ - -PkerD(M-„)* (6-1) 
D(M-w)*Rm{w) = i^ranD(M-»).> (6-2) 

where Pker D^^^^.y , PTa.nD^j^_,^^* are orthogonal projection onto ker D^m-io)* and ranD^M-to)* re- 
spectively. Consider the operator 

P(tt),tt)o) =/-{/- Rm{wo)Du,-wo}~^ RM{wo)D(j^_^y , w G B{wo; \\ Riwo) H""^), 

where B{wo; \\ R{wo) \\~^) is the ball of radius || R{wo) \\~^ around wq. Using the equations (|6.ip 
and ()6.2p given above, we write 

P{tV,Wo) = {/ - iiM(l«o)^iD-iDo}""^^kcrD(M-.„)*' (6-3) 

where D^-wof = ((^^i — woi)fi, . . . , {wm — wom)fm)- From definition of P{w,wo) it follows that 
P(?D,u;o)PkerD(M-„). = -PkerD(M-„). which implies keiD(^M.-wr ^ ranP{tB,wo) for w G A(u;o;e). 
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Consequently K{-,w) G ranP{w,wo) and therefore 

d 

K{;w) =J2'^Piw,wo)K(^l 

i=l 

for some complex valued functions ai, . . . ,ad on A{wo;e). Wc will show that the functions Oj, 1 < 
i < d, are holomorphic and their germs form a minimal set of generators for Now 

RM.{wo)Dijj_ij,^K{-,w) = Rm{wQ)D^j^_^^YK{-,w) = (I - PkerD(M-^o)*)-^(•>^)• 
Hence we have, 

{/ - RM(«^o)-D«)-«)o}i^(-,U^) = PkerD(M-^o)*-f^(-!^)- 

Since K{-,w) G ranP(iD, iDo), we also have 

P{w,Wo)~^K{-,w) = i\erD(M_^o).^(->^)- 

Let v\,...^V(i be the orthonormal basis for ker I?(]y[_^(j)* . Let gi,...,gd denotes the minimal set 
of generators for the stalk at S^^. Then there exist a neighborhood U, small enough such that 

Vj = Yli=i 9ifii ^ ^ j ^ d, and for some holomorphic functions ,1 < i,j < d, on U. We then 
have 

d 

d d d d 



j=i 1=1 1=1 j=i 

d d 

i=i j=i 



K{z,w) = Y.U9^{y^){Tf,=lfl{w)P{w,wo)vJ{z)}. Let 



d 



Since the vectors if^jp , 1 < i < are uniquely determined as long as gi, ■ ■ ■ ,gd are fixed and 



P(wo, Wo) = ^kerD(M-^o)* > it follows that i^iJ^ = k!;^1 = ff{wo)vj, l<i<d. Therefore, the 

dxd matrix {fi {wo))f has a non-zero determinant. As Det {fi{w))fj^i is an anti-holomorphic 

function, there exist a neighbourhood of wo, say A{wo;e),£ > 0, such that Det (//(w))fj=i 7^ 
for all w G A{wo;e). The set of vectors {P{w,wo)vj}'j^i is linearly independent since P{w,wo) is 

injective on kei Dg^_yj^)*. Let {aij)fj^-^ = {(//(w^o))f,j=i}~\ in consequence, vj = Ya=\(^3iKwI- 
We then have 



1=1 j=i 1=1 
d d 

1=1 1,3=1 
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Since the matrices {fl{w))f .j^^ and {aij)fj^i are invertible, the functions 

d 

Mz) = ^ 9i{z)fl{z)aji, 1<1 <d, 
form a minimal set of generators for the stalk and hence we have the canonical decomposition, 

d 

1=1 

Let = ranP(?D, ?Z;o)-Pker_D(M„^,p). foi' w G B{wq]\\ Rm.{wq) \\ '^). Since P{w,ivo) restricted 
to the ker Z)(]y[_^Q)* is one-one, dim [P^t, is constant for w G B{'Wo; \\ Rmiwo) Thus to prove 

Lemma [LOj we will show that Tw = kerPoL>(M-i«)*- 

Proof of Lemma \1 . 91 From [7^, pp. 453], it follows that FQD(^^_y^yP{w,wo) = 0. So, C 
kerPoD(M-«))*- Using (j6.ip and (j6.2p . we can write 

Po-D(M-u>)* = D(jf^_^^^yRM{wo){D(^M-wo)* - D{w-ivo)} 
= -C)(M-i«o)*{-^ - -RM(li'o)^(iD-tDo)}- 

Since {I — -Rm(u^o)-D(»i>-u)o) i invertible for w G B{wo; \\ -Rm(u^o) II""*^)) we have 

dim^^ = dimi:>(M-i«o)* > dimker Po-D(m-«;)* • 
This completes the proof. □ 

From the construction of the operator P{id,wo), it follows that, the association w Tu, 
forms a Hermitian holomorphic vector bundle of rank m over J7g = {z : z E Oq} where = 
B{wq; II R-M-iwo) II ~ ). Let "P denote this Hermitian holomorphic vector bundle. 

Proof of Theorer Al . 1 (A Since M and M are equivalent Hilbert modules, there exist a unitary U : 
M ^ M intertwining the adjoint of the module multiplication, that is, UMj* = M*U, 1 < j < m. 

Here Mj denotes the multiplication by co-ordinate function Zj,l < j < m on M. It is enough to 
show that UP{w,wq) = P{w,wq)U for w G B{wo; \\ -Rm('u^o) 11""^)- 

Let I -Dm* |= {Z]j=i -^i-^i*}^) that is, the positive square root of (Dm*)* Dm* ■ We have 

m m 

^MjMj* = U*(^MjM*)U = {U* I D^, I Uf. 

Clearly, | -Dm* |= t^* I -^m* I Similar calculation gives | -D^^.^^)* |= {7* | D^-j^^_^^y \ U. Let 
Pj : M © M • • • © M( m times) — > M be the orthogonal projection on the i-th component. In this 
notation, we have PjD^* = Mj* , 1 < j < m. Then, 

^i^(M-«,o)* = UPjD^^_^^^yU* = UP,VM{wo)U*U\D^^^^^y\U* 
= UPjVm{wo)U* I I?(M-.o)* I ■ 
But PjD^^_^^_^Y = PjV]yj(wo) I ^(M-too)* !■ '^^^ uniqueness of the polar decomposition implies 
that PjV^{wQ) = UPjVM{wo)U*, 1 < j < m. It follows that Q^iwo) = UQm{wo)U*. 

Note that Pj* : M — > M © • • • © M is given by Pj*h = (0, . . . , /i, . . . , 0), h e M, 1 < j < m. 
So we have, V^{wq)* P* = UVm{wo)* Pj*U* , I < j < m. Let D»^s : M — > M © • • • © M be the 
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operator: D^f = {'Wif,...,Wmf), / G M. Clearly, D^, = UDwU*, that is, U*PjDw = PjDwU*, 
1 < j <m. Finally, 

= QM(^«o)^M(^i'o)*-DtD-tDo = Q-^{wQ)V-^{wQ)*{PiDyj-yj^,...,PrnDii,-w^^ 



Qm(w^o)V|vi(wo)*(X] PjPjDu,-u,o) 



m 

= UQm{wo)Vm{wo)* (y^^ Pj*PjDu,-woU*) = UQm{wo)Vm{woTDu,~u,oU* 
= URM.{wo)Du,^ij,QU*. 

Hence {i?M(^o)-C>^-«)o}^' = t/{-RM(it;o)£'tD-tDo}''f^* for all k £ N. From ([Ol), Piw,wo) = 
Efclo{^M(^«o)^^D-^Do}''^'kerD(M-„,)).• ^Iso as U maps ker ^(M-to). onto kerL>(j^-^_^). for each 
w, we have in particular, UP]^ctD^m_^^), = P^er D ^^^-j _^^^,U . Therefore, 

UPiw,wo) 

oo oo 

= X] ^{-RM(^^o)-DtD-«)o}''-PkcrD(M-™o)* = y^{-RM(wo)-DtD-tDo}*'^PkcrD(M-^n1* 
fc=0 fc=0 

oo 



Yj^RM('^0)Dw-m}''PkerD^^y_^^^,U = P{w,tDo)U, 



k=0 

for w G B{wq; \\ Rm.{wo) W^)- D 

Remark 6.1. For any commuting m-tuple Dt = {Ti^ ■ ■ ■ , Tm) of operator on !K, the construction 
given above, of the Hermitian holomorphic vector bundle, provides a unitary invariant, assum- 
ing only that ranZ^T-w is closed for w in 17 C C™. Consequently, the class of this Hermitian 
holomorphic vector bundle is an invariant for any semi-Fredholm Hilbert module over C[z\. 

7. Examples 

7.1. The (A,/i) examples. Let M and M be two Hilbert modules in Bi(J7) and J, J be two ideals 
in C\z\. Let Mj := p] C M (resp. Mg := [0] C M) denote the closure of J in M (resp. closure of 
d in M). Also we let dim dim F(iJ) < m — 2. It is then not hard to see that Mj and Mg are 
equivalent if and only if 3 = following the argument in the proof [2^, Theorem 2.10] and using the 
characteristic space theory of [4, Chapter 2]. Assume M and M are minimal extensions of the two 
modules Mj and Mj respectively and that Mj is equivalent to Mj. We ask if these assumptions 
force the extensions M and M to be equivalent. The answer for a class of examples is given below. 

For A,/i > 0, let //(^'^)(D^) be the reproducing kernel Hilbert space on the bi-disc determined 
by the positive definite kernel 

K^^'^'\z,w) = --"^ -, z,w£ B^. 

^ ' {I - ZiWl)^{l - Z2W2Y 

As is well-known, H^'^'^^ {J}^) is in Bi(B^). Let / be the maximal ideal in C2 of polynomials 
vanishing at (0,0). Let H^^''^^ (J}"^) := [I]. For any other pair of positive numbers X',IJ.', we let 
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Hq^''^\o'^) denote the closure of / in the reproducing kernel Hilbert space H^^''f^'\ll)'^). Let 
X(-^'iM') denote the corresponding reproducing kernel. The modules If^^''^) (D^) and H^'^''^'\d'^) 
are in Bi(D'^ \ {(0,0)}) but not in Bi(D^). So, there is no easy computation to determine when 
they are equivalent. We compute the curvature, at (0,0), of the holomorphic Hcrmitian bundle 



y and y of rank 2 corresponding to the modules Hq 



and 



respectively. The 



calculation of the curvature show that if these modules are equivalent then A 
that is, the extensions H^^'^\li^) and H^^ )(D^) are then equivalent. 



A' and /i 



Since H, 







is given by the formula 



{/ G H^^''^\lS>'^) : /(0,0) = 0}, the corresponding reproducing kernel 



(a,m) 



(A,m) 



{z, w) 



(1 - ZlWl)-^{l - Z2W2Y 



1, z,w & 



(44,Mi*zf+') = {z'^'z^.z^^') = 0, unless I 



m+l 



The set {z'^Z2 : m,n > 0,{m,n) 7^ (0,0)} forms an orthogonal basis for Hq'^''^\] 

m,k = and m > 0. In consequence, 

1 _ (-i)'"(;'^ 



^). Also 



{zT,M^z-, 



m+l m+l\ 
) ^1 / 



{zT,zT). 



Then 



{z[zl,M*z'l 



m+l 
X + m 



= for all Z, A; > 0, {I, k) 7^ (0, 0), 



where {-^) = A(A+i)..^A+m-i) _ ^^^^ {z{zl,M*zi) 

(0,0). Therefore, we have 



{z{-^^z^,zi) =0, l,k>0 and (l,k) ^ 



Similarly, 



M^z'^+^ 



M*z^+^ 



m+l m 
\+m ^1 





n+1 n 
\+n ^1 







m > 
m = 0. 

n > 
n = 0. 



We easily verify that (zizf) -^2 -^i 



qz'^+^) = {z[z^+\z'l'+^) = 0. Hence M|z^"+i 
■m,n>0. Finally, calculations similar to the one given above, show that 

^ ~^ ^ m n+1 1 ' rn4-1 n-l-1 71+1 



= Mtz 



1 ^2 



n+1 



for 



Mlz'l 
Therefore we have 



* ^m+l „n+l 



Zn 



X + m 



z^z^-^' and M^zl 



* „m+l „n+l 



Zo 



^1 

M + n 



zr+^4,m.n>0 



m+l n+1 



{MiMl + M2M2*) 

Zl ' Z2' 
Zi,Z2 I > 0. 

Also, since -Dm* / = (^i*/, ^2/)' ti^-ve 



m+l 

1 

n+1 



m+l m+l 
A+m^l ' 
n+]_^n+l 
^+rt 2 



/ m+l _|_ n+1 ^ m 
\X+m /i+n^^l 



for m > 0; 
for n > 0; 
for m, n > 0; 



Dm* 



^m+l ^ (m+l^m r\\ 

Z^ I > Ia+^^1 '^i' 



Z. 



Z 



1 

n+1 
2 

m+l n+1 



' A+m ' 
(0, g^^2 ) 



Zl,Z2 



(0,0). 



m+l ni^n+1 n+l^m+1 ■ 
A+m^l ^2 ' n+n^l Z. 



2J^ 



for m > 0; 
for n > 0; 
for m, n > 0; 
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It is easy to calculate Vm(0) and (5m(0) and show that 



Vm(0) : <^ 



m+1 n+1 
^1 ^2 



k Zl,Z2 



y^(zr,0), form>0; 

V^(0'^2), forn>0; 

^ 3^^r'4), for m,n > 0; 
(0,0), 



while 



-^1 



Qm(0) : <^ 



m + l "1 ' 

/ A + m 



for m > 0; 
for n > 0; 



^m+i^n+i^ form,n>0; 



L Zl,Z2 



0. 



/ m+l I n-pl 



Now for w G A(0,£)*, 

oo 

P{W,0) = {I- Rm{0)D^)-'Pi,erD^. = l^(i?M(0)L'^)'^PkerDM- 

n=0 

where Rm{0) = Qm{0)Vm{0)* . The vectors Zi and 22 forms a basis for kerDjvi* and therefore 
define a holomorphic frame: [P{id,0)zi, P(iv,0)z2) . Recall that P(?r;, 0)zi = ^i^o(-^M(0)I?tD)"-zi 
and P{il!,0)z2 = Yl'^=oi^^i^)^w)"'Z2- To describe these explicitly, we calculate {Rm{0)Dw)zi 
and iRM{0)P'w)z2- 

{Rm{0)D^)Zi = Rm{0){wi,Zi,W2Z2) 

= mRM{0){zi,0)+W2RM{0){0,Z2) 

= WlQMi0)VM{0nzl,0)+^V2QM{0)VM{0n0,Z2). 



We see that 



V^m(0)*(zi,0) 



J2 (VM(or(zi,o),^ 

l,k>0, (i,fe)^(0,0) 



Zo 



I ,fe 



1^2 



^1^2 



z; 



1^2 



Therefore, 



{VM{0y{zi,0),zizl) = ((^i,0),Fm(0)(44)), Z,A;>O,0,fc) / (0,0). 



Prom the explicit form of Vm{0), it is clear that the inner product given above is unless I = 
2,k = 0. For 1 = 2, k = 0, we have 



{{zi,0),Vm{0)zI) 



A + 1 



zi 



2 1 



A + IA 



Hence 



Vm{Onzi,0) 



2 1 z( 



A + lA||z2||2 VA + IA 



2 1 A(A + 1) 2 _ /A + 1 



Zl 



-zi- 
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Again, to calculate 14/[(0)*(0, zi), we note that (Vm(0)*(0, zi), z^zf) is unless / = 1, m = 1. For 
Z = 1, m = 1, we have 

(^M(0r(0,^l),ZlZ2) = ((0,^i),Vm(0)ziZ2) 

1 1 „ 11 



Thus 



Since 



1 _1_ 1 U /l I 1 AjU 



Vm(0)*(0,Zi) = (VM(0r(0,^l),^1^2) || = ^1^2- 

^1^2 



Qm(Si)ziZ2 = , 2:1^2, 

i -I- i 



Qm(o)z2 = \l^^-7r-zl, 



it follows that 



_A+ln _ A/x 



Similarly, we obtain the formula 

Rm{^)Dij,Z2 = wi Z1Z2 + W2^^-^zl. 

We claim that 

((i^M(0)i:>^^))"'-^^, (-RM(0)-Dis)"2j) = for all m 7^ n and i, j = 1, 2. (7.1) 
This makes the calculation of 

h{w,w) = {{{P{w,0)zi,P{w,0)zj)))^^..^^, weUcB'', 

which is the Hermitian metric for the vector bundle CP, on some small open set [/ C around 
(0,0), corresponding to the module Hq'''^\i1)'^) , somewhat easier. 

We will prove the claim by showing that (-RM(0)Dtu)"zj consists of terms of degree n + 1. For 
this, it is enough to calculate Vm.{0)* {ziZ2 , 0) and Fm(0)*(0, ^(zf) for different I, k >0 such that 
(I, k) / (O, 0). Calculations similar to that of Fm(0)* show that 



FM(0)*(zr,0) = y^^z-+\^^M(0)*(0,4) = yf^^2+' and, 

V^{OnzTz^+\0) = Vm(0)*(0,zI"+14) = , ^ z'i^^'z'j-^K 

I m+l I n+1 
\x-Vn fi+n 

Recall that {RM{0)Du,)zi is of degree 2. Prom the equations given above, inductively, we see that 
{RM.iO)Duj)'^Zi is of degree n + 1. Since monomials are orthogonal in H^^'^\l])^), the proof of claim 
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(|7.1|) is complete. We then have 

A + 1 A/i °° 

P{w,0)zi = zi+ wi zf + tt)2T— — ziZ2 + y2iRM{0)Du,)"'zi and 



P(W),0)Z2 = Z2 + Wi-^ZiZ2 + W2^-^zi + > (i?M(0)£'«))"-Z2. 

Putting all of this together, we see that 



h{w,w) = ( ^ + ^aijw^w 



-J 



where the sum is over all multi-indices /, J satisfying |/|, | J| > and 

The metric h is (almost) normalized at (0, 0), that is, h{w, 0) = ^ o /J ) • '^^^ metric ho obtained by 

conjugating the metric h by the invertible (constant) linear transformation ^^^^ induces an 

equivalence of holomorphic Hermitian bundles. The vector bundle "? equipped with the Hermitian 
metric /iq has the additional property that the metric is normalized: ho^WjO) = I. The coefficient 
of dwi A dwj, i,j = 1, 2, in the curvature of the holomorphic Hermitian bundle !P at (0, 0) is then 
the Taylor coefficient of WiWj in the expansion of ho around (0,0) (cf. [38^ Lemma 2.3]). 
Thus the normalized metric hQ{w,w), which is real analytic, is of the form 

_ f X{P{w,0)zi,P{w,0)zi) ^{P{w,0)zi,P{iv,0)z2) 
^^^"^^""l - \ ^{P{w,0)z2,P{w,0)zi) fi{Piw,0)z2,P{w,0)z2) 

/ A+1 u,, |2 I A^^ |2 _!_/' Am ^2,,, ,7, \ 

~ ^ 1 r V ^2,„ - \f? 12 , 12 +^^^1 



where 0{\w\'^)ij is of degree > 3. Explicitly, it is of the form 



oo 

E 

n=2 



((i?M(0)Z)^)"zi,(i?M(0)L», 



The curvature at (0,0), as pointed out earlier, is given by ddho{0,0). Consequently, if Hq j 
and Hq"^ ^(B^) are equivalent, then the corresponding holomorphic Hermitian vector bundles T 
and y of rank 2 must be equivalent. Hence their curvatures, in particular, at (0,0), must be 
unitarily equivalent. The curvature for J" at (0, 0) is given by the 2x2 matrices 




The curvature for J" has a similar form with A' and fi' in place of A and fi respectively. All of them 
are to be simultaneously equivalent by some unitary map. The only unitary that intertwines the 
2x2 matrices 

( ^(^) 1 and I ° ^w(w) ) 
is al with \a\ = 1. Since this fixes the unitary intertwiner, we see that the 2x2 matrices 
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must be equal. Hence we have 
NO = ..^ ,^'> and then 

IJL^{\^ + 2\n' + = /i'2(A2 + 2A^ + ^x^), that is, - + + 2A^/x'} = 0. 

We then have 11 = 11'. Therefore, h\^'^^ (J])^) and h'^ ^(D^) are equivalent if and only if A = A' 
and ^ = 11' . 



= that is A = A . Consequently, (^^^ = (^/^/p gives 



7.2. The (n, /c) examples. For a fixed natural number j, let Ij be the polynomial ideal generated by 

the set {z^,z^^ Z2 ^^}, kj 7^ 0. Let Mj be the closure of Ij in the Hardy space ff^(B^). We claim 
that Ml and M2 are inequivalent as Hilbert module unless ki = k2- From Lemma ll.3| it follows 
that both the modules Mi and M2 are in 

Bi(D2 \ X), where X := {(0, z) : \z\ < 1} U {{z, 0) : 
\z\ < 1} is the zero set of the ideal Ij, j = 1,2. However, there is a holomorphic Hermitian line 
bundle corresponding to these modules on the projectivization of \ X at (0, 0) (cf. [171 pp. 
264]). Following the proof of ^17» Theorem 5.1], we see that if these modules are assumed to be 
equivalent, then the corresponding line bundles they determine must also be equivalent. This leads 
to contradiction unless ki 7^/02. 

Suppose L : Mi — > M2 is given to be a unitary module map. Let Kj, j = 1,2, be the 
corresponding reproducing kernel. By our assumption, the localizations of the modules, Mj{w) at 
the point w G \ X are one dimensional and spanned by the corresponding reproducing kernel 
Kj, j = 1,2. Since L intertwines module actions, it follows that MjLKi{-,w) = f{w)LKi{-,w). 
Hence, 



LKi{-,w) = g{w)K2{-,w), for w ^ X. (7.2) 

We conclude that g must be holomorphic on B^ \ X since both LKi{-,w) and K2{-,w) are anti- 
holomorphic in w. For j = 1,2, let Ej be the holomorphic line bundle on whose section on the 
affine chart U = {wi ^ 0} \s given by 

Kj(z,w) z^w? + z^^ z^ ^^ilu^uu + higher order terms 
= lim^^o,^=e ,j,n = 

= z'l + e^-^^z'l'z';-''^ 

Using the ideas from the proof of [171 Theorem 5.1], one shows that |5'(tL')| has a finite limit at each 
point of the variety X. By the Riemann removable singularity theorem, it follows that g extends 
to a holomorphic function on all of B^. Then from (j7.2p . and the expression of Sj{6), by a limiting 
argument, we find that Lsi{6) = g{6)s2{0). The unitarity of the map L implies that 

\\Ls,{e)f = \g{e)\''\\s2{9)f 

and consequently the bundles Ej determined by Mj, j = 1,2, on are equivalent. We now 
calculate the curvature to determine when these line bundles are equivalent. Since the monomials 
are orthonormal, we note that the square norm of the section is given by 



si{0) 11=1 + 



\2(n-kj) 
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Consequently the curvature (actually coefficient of the (1, 1) form dO A d0) of the line bundle on 
the affine chart U is given by 

Xj{9) = -5,a,-iog||si(0)f = -5,a,-iog(i + |0p("-'=^)) 

^ (n- A;,-)6l("-'=^)^("-'=^-i) 

= — O/)- — 

1 + \e\'^(^-''j'> 

{n-kjf\e\'^^''-''i-'^^{l + |0|2("-fci)} - (n - A;j)2|0|2("-'=^)|^|2("-fe.-i) 

{1 + |^|2(n-fej)}2 

{n- kjf\e\^^'^-''^-^^ 

~ {1 + |5(|2(n-fc,)}2 

So if the bundles are equivalent on P^, then Xi{6) = X2{6) for 6 €^ U, and we obtain 

- (n - fe2)^{|e|^^''"''2"^) + 2|e|2("-fei)|^|2('^-'=2-l) + |^|4(n-fei)|^|2(n-fc2-l)| ^ q_ 

Since the equation given above must be satisfied by all 6 corresponding to the affine chart U, 
it must be an identity. In particular, the coefficient of |0|2{("-'=i)+("-'=2)-i} j^i^ist be implying 
(n — A;i)2 = (n — ^2)^, that is, ki = k2- Hence Mi and M2 are always inequivalent unless they are 
equal. 

Acknowledgement. The authors would like to thank R. G. Douglas and J.-P. Demailly for many 
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